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Abstract
Density conditions including necessary ones and sufficient ones for irregular wavelet systems to be frames are
studied in this paper. We give a definition of affine Beurling density of time-scale parameters and show that for
irregular wavelet systems to be Bessel sequences, the time-scale parameters must be relatively uniformly discrete,
or equivalently, they must have a finite upper affine Beurling density. We also show that the lower affine Beurling
density of time-scale parameters must be positive for a large class of wavelet frames. For sufficient conditions,
we prove that for a nice function, every relatively uniformly discrete and (a, b)-dense time-scale sequence will
generate a frame if a − 1 and b are small enough. Explicit frame bounds are given. We also study the stability
of wavelet frames and show that every wavelet frame with arbitrary time-scale parameters is stable provided the
generating function is nice enough. Explicit stability bounds are given. Numerical examples show that our results
are sharper than some known ones.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
This paper is a continuation of the work done in [23].
Given a wavelet system of the form{
τ(sn, tn)ψ : n ∈ Z
}
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conditions for it to be a frame for L2(R). Many conditions including necessary ones and sufficient
ones for both regular and irregular wavelet systems to be frames were found in the past ten or more
years. For details, see [2,3,7,9–12,14–17,20,21,23–25]. In particular, Gröchenig [15], Olsen and Seip [21]
gave some density conditions for irregular wavelet systems to be frames. However, their results give no
explicit frame bounds. In [24], we gave some necessary conditions for a wavelet system of the form
{s1/2j ψ(sj · −tk): j, k ∈ Z} to be a frame.
In [23], we show that for certain ψ , if a − 1 and b are small enough and (sj,k, tj,k) ∈ [aj , aj+1] ×
[ajbk, ajb(k+ 1)], then {τ(sj,k, tj,k)ψ : j, k ∈ Z} is a frame for L2(R). Explicit frame bounds are given.
In this paper, we study density conditions for irregular wavelet systems to be frames and show that for
certain functions, every relatively uniformly discrete and (a, b)-dense time-scale sequence will generate
a frame if a − 1 and b are small enough. The main difference between our results and the ones of
Gröchenig [15] is that we deduce results with direct analysis and give explicit frame bounds while [15] is
based on abstract analysis and gave no explicit frame bounds. Numerical examples show that our results
are sharper than those of Olsen and Seip for some cases.
The concept of Beurling density is widely used in the study of irregular sampling as well as Gabor
frames [4,8]. However, as far as we know, the density of time-scale parameters of wavelet frames is not
well defined [12]. In this paper, we give a definition of affine Beurling density for the case of wavelet
frames and show that for {τ(sn, tn)ψ : n ∈ Z} to have a finite upper frame bound, it is necessary for
{(sn, tn): n ∈ Z} to have a finite upper affine Beurling density. We also show that {(sn, tn): n ∈ Z} must
have a positive lower affine Beurling density for {τ(sn, tn)ψ : n ∈ Z} to be a frame for a large class of
functions.
Another method to construct irregular frames is to perturb regular ones, which is also studied
as the stability of frames in the literature and is important for applications. Given a wavelet frame
{τ(sn, tn)ψ : n ∈ Z}, one is asked if it remains a frame when sn or tn are perturbed? Intuitively, it seems
to be true. However, as far as we know, there is no general answer to this problem although many authors
have contributed to this topic. Most of the known results [1,5–7,13,22,23] are concerning the perturbation
of regular ones, i.e., {(sn, tn): n ∈ Z} = {(aj , aj bk): j, k ∈ Z} for some a > 1 and b > 0. For the irregular
case, Gröchenig [15] studied the stability of wavelet frames with arbitrary time-scale parameters in which
representation theory was involved and no explicit stability bounds were given.
In this paper, we study the stability of irregular wavelet frames. We show that every wavelet frame
with arbitrary time-scale parameters is stable provided the generating function is nice enough. Explicit
stability bounds are given.
1.1. Notations and preliminary results
First, we introduce some of the notations of [17,21].
The group action in G is defined by
(a, b)
(
a′, b′
)= (aa′, b+ ab′).
For any (x, y) ∈ G, its (a, b)-neighborhood is defined by Qa,b(x, y)= (x, y)V with V = [a−1/2, a1/2] ×
[−b/2, b/2], a > 1, b > 0. It is easy to check that
Qa,b(x, y)=
[
a−1/2x, a1/2x
]× [y − bx , y + bx ].
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(i) Γ is called (p, q)-uniformly discrete if |Qp,q(xn, yn) ∩ Qp,q(xm, ym)| = 0, n = m, where |E|
denotes the Lebesgue measure of measurable sets E ⊂R2.
(ii) Γ is called relatively uniformly discrete if it is a finite union of uniformly discrete sequences.
(iii) Γ is called (a, b)-dense if ⋃n∈ΛQa,b(xn, yn)= G.
It is easy to see that for any a > 1, b > 0, {(aj , ajbk): j, k ∈ Z} is both (a, b)-uniformly discrete and
(a, b)-dense. {En: n ∈ Z} is called a partition of G if ⋃n∈ZEn = G and |En ∩ Em| = 0 for n = m. We
denote x = max{n ∈ Z: n  x} and x = min{n ∈ Z: n  x}, and, #E denotes the cardinality of a
sequence or a set E.
For fixed ψ ∈ L2(R), the continuous wavelet transform of a function f ∈L2(R) is defined by
(Wψf )(s, t)=
+∞∫
−∞
f (x)|s|−1/2ψ
(
x − t
s
)
dx.
We call a function ψ ∈ L2(R) admissible if
Cψ :=
( +∞∫
0
1
ξ
∣∣ψˆ(ξ)∣∣2 dξ
)1/2
=
( 0∫
−∞
1
|ξ |
∣∣ψˆ(ξ)∣∣2 dξ
)1/2
<+∞.
It is easy to see that ψ is admissible provided ψ is real-valued and |ψˆ(ω)| C|ω|α(1+ |ω|)−γ for some
γ > α > 0. For any admissible function ψ , we have
C2ψ‖f ‖22 =
+∞∫
−∞
+∞∫
0
1
s2
∣∣(Wψf )(s, t)∣∣2 ds dt. (1.1)
The Fourier transform of f ∈ L2(R) is defined by fˆ (ω)= ∫
R
f (x) e−ixω dx. The Sobolev space Hs is
defined by {f : ∫ +∞−∞ (1 + |ω|2)s|fˆ (ω)|2 dω < +∞}, and WL2(R) = {ψ ∈ L2(R): ψ(x) is real-valued
function, ψ ∈ H 1, xψ(x) ∈ H 2, and ψˆ(0) = 0}. Later, we need the notation ψ˜(x) = (3/2)ψ(x) +
xψ ′(x), and ‖f ‖ denotes the L2-norm for any f ∈L2(R).
A family of functions {fj : j ∈ J } belonging to a separable Hilbert space H is said to be a frame if
there exist positive constants A and B such that A‖f ‖2 ∑j∈J |〈f,fj 〉|2  B‖f ‖2 for every f ∈H.
The numbers A and B are called the lower and upper frame bounds, respectively. If at least the right-hand
inequality holds, {fj : j ∈ J } is called a Bessel sequence with bound B .
As in [23], the following Wirtinger’s inequality plays an important role in proofs of results.
Proposition 1.1 (Wirtinger’s inequality [18]). If f (x) is differentiable on [a, b], f,f ′ ∈ L2[a, b] and
f (a)f (b) = 0, then
b∫
a
∣∣f (x)∣∣2 dx  4
π2
(b− a)2
b∫
a
∣∣f ′(x)∣∣2 dx.
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In this section, we study density conditions for irregular wavelet systems to be frames. First, we point
out that although the Sobolev space is involved in this paper, the differentiation is in the classical sense,
thanks to [2, Theorem 5.2].
The following lemma follows by the same technique as [23, Theorem 2.4], which we leave to interested
readers.
Lemma 2.1. Let ψ ∈ WL2(R). Suppose that an > 1, bn > 0, (pn, qn) ∈ G, and {Qan,bn(pn, qn): n ∈ Z} is
a partition of G. If an  a, bn  b, and
∆ := 2b
√
a
π
Cψ ′ + 2(a − 1)
π
Cψ˜ +
4b
√
a(a − 1)
π2
C(ψ˜)′ <Cψ,
then for any (sn, tn) ∈Qan,bn(pn, qn), {(b1/2n (an − 1)1/2/a1/4n )τ (sn, tn)ψ : n ∈ Z} is a frame for L2(R) with
bounds (1/a)(Cψ −∆)2 and a(Cψ +∆)2.
As a consequence, we obtain the following result.
Corollary 2.2. Suppose that ψ ∈ WL2(R). Let a > 1, b > 0 be such that
∆1 := b
√
a
π
Cψ ′ + 2(
√
a − 1)
π
Cψ˜ +
2b
√
a(
√
a − 1)
π2
C(ψ˜)′ <Cψ. (2.1)
Then {τ(aj , ajbk)ψ : j, k ∈ Z} is a frame for L2(R) with bounds (1/(b(a − 1)))(Cψ − ∆1)2 and
(a/(b(a − 1)))(Cψ +∆1)2.
Proof. It is easy to check that the following rectangles:
Qa1/2,(1/2)a−1/4b
(
aj+1/4, ajbk − 1
4
ajb
)
, Qa1/2,(1/2)a−1/4b
(
aj+1/4, aj bk + 1
4
ajb
)
,
Qa1/2,(1/2)a1/4b
(
aj−1/4, aj bk− 1
4
ajb
)
, Qa1/2,(1/2)a1/4b
(
aj−1/4, ajbk + 1
4
ajb
)
, j, k ∈ Z,
form a partition of G and
(
aj , aj bk
) ∈Qa1/2,(1/2)a−1/4b
(
aj+1/4, ajbk − 1
4
ajb
)
∩Qa1/2,(1/2)a−1/4b
(
aj+1/4, ajbk + 1
4
ajb
)
∩Qa1/2,(1/2)a1/4b
(
aj−1/4, ajbk − 1
4
ajb
)
∩Qa1/2,(1/2)a1/4b
(
aj−1/4, ajbk + 1
4
ajb
)
.
By substituting (a1/2, (1/2)a1/4b) for (a, b) in Lemma 2.1, we have
1√
a
(Cψ −∆1)2‖f ‖2 
∑
j,k∈Z
[
2 · (
√
a − 1)ba1/4
2a1/4
+ 2 · (
√
a − 1)ba−1/4
2a1/4
]∣∣(Wψf )(aj , aj bk)∣∣2
=
∑ b(a − 1)√
a
∣∣(Wψf )(aj , aj bk)∣∣2 √a(Cψ +∆1)2‖f ‖2.
j,k∈Z
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For any ψ ∈ WL2(R), p > 1, and q > 0, define
T (ψ;p,q)=
√
p
q(p− 1)
[
Cψ + q
√
p
π
Cψ ′ + 2(
√
p− 1)
π
Cψ˜ +
2q√p(√p− 1)
π2
C(ψ˜)′
]2
. (2.2)
By [23, Lemma 2.3], T (ψ;p,q) <+∞ for any ψ ∈ WL2(R).
Lemma 2.3. Suppose that ψ ∈ WL2(R). Then for any (p, q)-uniformly discrete sequence Γ , {τ(s, t)ψ :
(s, t) ∈ Γ } is a Bessel sequence with bound T (ψ;p,q).
Proof. Put Γ = {(sn, tn): n ∈ Z} and Qn =Qp,q(sn, tn). Then |Qn∩Qm| = 0, n =m. Noting that (sn, tn)
is now at the “center” of Qn, similarly to the proof of [23, Theorem 2.4] we can prove that∑
n∈Z
∫ ∫
Qn
∣∣∣∣1s (Wψf )(s, t)− 1sn (Wψf )(sn, tn)
∣∣∣∣
2
ds dt

[
q
√
p
π
Cψ ′ + 2(
√
p− 1)
π
Cψ˜ +
2q√p(√p− 1)
π2
C(ψ˜)′
]2
‖f ‖2. (2.3)
Since |Qn| = q(p − 1)s2n/√p and
∑
n∈Z
∫ ∫
Qn
∣∣∣∣1s (Wψf )(s, t)
∣∣∣∣
2
ds dt 
+∞∫
−∞
+∞∫
0
1
s2
∣∣(Wψf )(s, t)∣∣2 ds dt = C2ψ‖f ‖2,
we have∑
n∈Z
∣∣(Wψf )(sn, tn)∣∣2  T (ψ;p,q)‖f ‖2, ∀f ∈L2(R).
Hence {τ(sn, tn)ψ : n ∈ Z} is a Bessel sequence with bound T (ψ;p,q). ✷
We are now ready to state the main result of this section.
Theorem 2.4. Suppose that ψ ∈ WL2(R). Let a > 1, b > 0 be constants such that
∆2 := ab
π
Cψ ′ + 2(a − 1)
π
Cψ˜ +
2ab(a − 1)
π2
C(ψ˜)′ <Cψ. (2.4)
Then {τ(s, t)ψ : (s, t) ∈ Γ } is a frame for L2(R) for any relatively uniformly discrete and (a, b)-dense
sequence Γ .
Proof. For any j ∈ Z, let
Γj =
{
(s, t) ∈ Γ : aj−1/2  s < aj+1/2}.
Then we have
#
(
Γj ∩Qa,a1/2b
(
aj , y
))
 1, ∀y ∈R. (2.5)
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Γj ∩Qa,a1/2b
(
aj , y0
)= Γ ∩([aj−1/2, aj+1/2)× [y0 − 12aj+1/2b t  y0 + 12aj+1/2b
])
= ∅.
Since Γ is relatively uniformly discrete, there is some 0< ε < 1 such that
Γ ∩
([
εaj−1/2, aj+1/2
)× [y0 − 12aj+1/2b t  y0 + 12aj+1/2b
])
=∅.
Therefore,
Γ ∩Qa,a1/2b
(
εaj , y0
)= ∅. (2.6)
On the other hand, since Γ is (a, b)-dense, there is some (s0, t0) ∈ Γ such that (εaj , y0) ∈Qa,b(s0, t0).
Hence a−1/2  s0/(εaj )  a1/2 and |t0 − y0|  (1/2)s0b  (1/2)εaj+1/2b. Consequently, (s0, t0) ∈
Qa,a1/2b(εa
j , y0), which contradicts (2.6).
Now we can write Γj = {(sj,k, tj,k): aj−1/2  sj,k < aj+1/2, k ∈ Z}, where tj,k  tj,k+1. By (2.5),
tj,k+1 − tj,k  aj+1/2b and limk→±∞ tj,k =±∞ for any j ∈ Z.
For any j, k ∈ Z, let
Qj,2k =
[
aj−1/2, aj+1/2
]× [ tj,k−1 + tj,k
2
, tj,k
]
=Qa,(1/2)a−j(tj,k−tj,k−1)
(
aj ,
3tj,k + tj,k−1
4
)
,
Qj,2k+1 =
[
aj−1/2, aj+1/2
]× [tj,k, tj,k + tj,k+12
]
=Qa,(1/2)a−j(tj,k+1−tj,k)
(
aj ,
3tj,k + tj,k+1
4
)
.
Then (sj,k, tj,k) ∈Qj,2k ∩Qj,2k+1 and {Qj,k: j, k ∈ Z} forms a partition of G. By Lemma 2.1, we have
1
a
(Cψ −∆2)2‖f ‖2 
∑
j,k∈Z
(1/2)a−j (tj,k − tj,k−1)(a − 1)
a1/2
∣∣(Wψf )(sj,k, tj,k)∣∣2
+
∑
j,k∈Z
(1/2)a−j (tj,k+1 − tj,k)(a − 1)
a1/2
∣∣(Wψf )(sj,k, tj,k)∣∣2
 2
∑
j,k∈Z
(1/2)a1/2b(a − 1)
a1/2
∣∣(Wψf )(sj,k, tj,k)∣∣2
= b(a − 1)
∑
(s,t)∈Γ
∣∣(Wψf )(s, t)∣∣2.
Hence∑
(s,t)∈Γ
∣∣〈f, τ(s, t)ψ 〉∣∣2  1
ab(a − 1)(Cψ −∆2)
2‖f ‖2.
On the other hand, since Γ is relatively uniformly discrete, there is some r  1 such that Γ =⋃rk=1Fk ,
where Fk is (pk, qk)-uniformly discrete, pk > 1, qk > 0. By Lemma 2.3, we have∑
(s,t)∈Γ
∣∣〈f, τ(s, t)ψ 〉∣∣2 = r∑
k=1
∑
(s,t)∈Fk
∣∣〈f, τ(s, t)ψ 〉∣∣2  r∑
k=1
T (ψ;pk, qk)‖f ‖2.
This completes the proof. ✷
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In this section, we extend some results of [8] to the case of wavelet frames. First, we give a definition
of affine Beurling density.
Let dµ= 1/s2 ds dt be the left-invariant measure on G and ν be the weighted counting measure defined
by
ν(E)=
∑
(s,t)∈E
s, for any discrete set E ⊂ G.
For any sequence Γ ⊂ G, its lower and upper affine Beurling density are defined by
D−(Γ )= lim
a→+∞
lim
b→+∞
inf
(x,y)∈G
ν(Γ ∩Qa,b(x, y))∫∫
Qa,b(x,y)
s dµ
= lim
a→+∞
lim
b→+∞
inf
(x,y)∈G
ν(Γ ∩Qa,b(x, y))
bx lna
and
D+(Γ )= lim
a→+∞ limb→+∞ sup(x,y)∈G
ν(Γ ∩Qa,b(x, y))∫∫
Qa,b(x,y)
s dµ
= lim
a→+∞ limb→+∞ sup(x,y)∈G
ν(Γ ∩Qa,b(x, y))
bx lna
.
Note that the order of the limits in the definitions is important, as is illustrated in Example 3.1. If
D+(Γ )=D−(Γ ), then we say Γ has a uniform affine Beurling density.
Remark 3.1. For the regular time-scale parameters {(aj , ajbk): j, k ∈ Z} to have a uniform affine
Beurling density (see the following example), we use a weight function w(s, t) = s to measure both
the cardinality of Γ ∩Qa,b(x, y) and the “volume” of Qa,b(x, y).
Example 3.1. The sequence of regular time-scale parameters Γ = {(aj , ajbk): j, k ∈ Z} has a uniform
affine Beurling density 1/(b lna).
Proof. For any p > a and (x, y) ∈ G, there is some j0 ∈ Z such that aj0−1 < p−1/2x  aj0 . Then
for any q > 0 and j0  j  j0 + lnp/lna − 1, there are at least (qx)/(ajb) integers k satisfying
(aj , aj bk) ∈Qp,q(x, y). It follows that:
ν
(
Γ ∩Qp,q(x, y)
)

lnp/lna−1∑
j ′=0
(
qx
aj0+j ′b
− 1
)
aj0+j
′ = qx
b
⌊
lnp
lna
⌋
− aj0 a
lnp/lna − 1
a − 1
 qx
b
(
lnp
lna
− 1
)
− ap−1/2x · p− 1
a − 1 .
Hence
D−(Γ )= lim
p→+∞
lim
q→+∞
inf
(x,y)∈G
ν(Γ ∩Qp,q(x, y))
qx lnp
 1
b lna
.
Similarly, we can prove D+(Γ )  1/(b lna). Hence Γ has a uniform affine Beurling density
1/(b ln a). ✷
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(i) D+(Γ ) <+∞.
(ii) Γ is relatively uniformly discrete.
(iii) For some a0 > 1 and b0 > 0, there is some constant Na0,b0 such that
ν
(
Γ ∩Qa0,b0
(
a
j
0 , a
j
0bk
))
 aj0Na0,b0, ∀j, k ∈ Z.
(iv) For any a > 1 and b > 0, there is some constant Na,b such that
ν
(
Γ ∩Qa,b
(
aj , aj bk
))
 ajNa,b, ∀j, k ∈ Z.
Proof. (i) ⇒ (iii). Since D+(Γ ) = lima→+∞ limb→+∞ sup(x,y)∈G(ν(Γ ∩Qa,b(x, y)))/(bx lna) < +∞,
there are some a0 > 1 and b0 > 0 such that
sup
(x,y)∈G
ν(Γ ∩Qa0,b0(x, y))
b0x lna0
<D+(Γ )+ 1.
By setting (x, y)= (aj0 , aj0b0k), we get
ν
(
Γ ∩Qa0,b0
(
a
j
0 , a
j
0b0k
))
< a
j
0b0
(
D+(Γ )+ 1) lna0.
(iii) ⇒ (iv). For any a > 1, b > 0, and j, k ∈ Z, there is some j0 ∈ Z such that aj0−1/20  aj−1/2 <
a
j0+1/2
0 . For any j ′  0, let
Λj ′ =
{
k′:
∣∣Qa0,b0(aj0+j ′0 , aj0+j ′0 b0k′) ∩Qa,b(aj , ajbk)∣∣> 0}.
Then
Qa,b
(
aj , aj bk
)⊂ lna/lna0⋃
j ′=0
⋃
k′∈Λj ′
Qa0,b0
(
a
j0+j ′
0 , a
j0+j ′
0 b0k
′).
It follows that:
ν
(
Γ ∩Qa,b
(
aj , aj bk
))

lna/lna0∑
j ′=0
∑
k′∈Λj ′
ν
(
Γ ∩Qa0,b0
(
a
j0+j ′
0 , a
j0+j ′
0 b0k
′))

lna/lna0∑
j ′=0
(
ajb
a
j0+j ′
0 b0
+ 2
)
a
j0+j ′
0 Na0,b0

lna/lna0∑
j ′=0
(
ajb
b0
+ 2aj−1/2a1/2+j ′0
)
Na0,b0
 aj
(
b
b0
(
lna
lna0
+ 2
)
+ 2a−1/2a1/20 ·
a
lna/lna0+2
0 − 1
a0 − 1
)
Na0,b0
:= ajNa,b. (3.1)
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Zp,q =
{
(2j + p, rk + q): j, k ∈ Z},
Bp,q =
⋃
j,k∈Zp,q
Qa,b
(
aj , ajbk
)
, 0 p 1, 0 q  r − 1.
Choose some (j, k), (j ′, k′) ∈ Zp,q such that (j, k) = (j ′, k′). Then for any (x, y) ∈Qa,b(aj , ajbk) and
(x′, y′) ∈Qa,b(aj ′ , aj ′bk′), |Qa,b(x, y) ∩Qa,b(x′, y′)| = 0.
In fact, if x/x′ > a or x/x′ < 1/a, then [a−1/2x, a1/2x] ∩ [a−1/2x′, a1/2x′] = ∅ and so Qa,b(x, y) ∩
Qa,b(x
′, y′) = ∅. If 1/a  x/x′  a, then j = j ′ and so k = k′. Therefore |y − y′|  ajb(r − 1) 
aj+1/2b= aj ′+1/2b b(x + x′)/2. Hence |Qa,b(x, y) ∩Qa,b(x′, y′)| = 0.
On the other hand, since #(Γ ∩ Qa,b(aj , ajbk))aj−1/2  ν(Γ ∩ Qa,b(aj , aj bk)), we have #(Γ ∩
Qa,b(a
j , aj bk))  a1/2Na,b. Thus, we can split Bp,q into at most a1/2Na,b uniformly discrete
sequences. Consequently, Γ can be divided into at most 2ra1/2Na,b uniformly discrete sequences.
(ii) ⇒ (i). Assume Γ = ⋃rk=1Γk, where Γk is (ak, bk)-uniformly discrete, ak > 1, bk > 0. Let
a0 = min1kr a1/2k , b0 = min1kr (1/2)a−1/20 bk. Then for any (x, y) ∈ G, Qa0,b0(x, y) contains at most
one element of Γk . Otherwise, there are some (s, t), (s′, t ′) ∈ Γk ∩ Qa0,b0(x, y). Then a−1/2k  a−10 
s/s′  a0  a1/2k and |t − t ′|  b0x  (1/2)a−1/20 bkx  (1/2)sbk . Consequently, (s′, t ′) ∈ Qak,bk (s, t),
which is impossible since Γk is (ak, bk)-uniformly discrete. Thus Qa0,b0(x, y) contains at most r elements
of Γ . Therefore,
ν
(
Γ ∩Qa0,b0(x, y)
)
 a1/20 x · #
(
Γ ∩Qa0,b0(x, y)
)
 ra1/20 x, ∀(x, y) ∈ G.
Similarly to (3.1) we have
ν
(
Γ ∩Qa,b(x, y)
)

lna/lna0∑
j=0
(
bx
a−1/2xa1/2+j0 b0
+ 2
)
ra
1/2
0 a
−1/2xa1/2+j0
 r
(
a
1/2
0 bx
b0
(
lna
lna0
+ 2
)
+ 2a−1/2a0x aa
2
0 − 1
a0 − 1
)
.
Hence
D+(Γ )= lim
a→+∞ limb→+∞ sup(x,y)∈G
ν(Γ ∩Qa,b(x, y))
bx lna
 ra
1/2
0
b0 lna0
. ✷
Theorem 3.2. Let ψ ∈ L2(R) and Γ be a sequence of elements of G. If {τ(s, t)ψ : (s, t) ∈ Γ } is a Bessel
sequence, then D+(Γ ) <+∞, i.e., Γ is relatively uniformly discrete.
Proof. Choose some f ∈ L2(R) with ‖f ‖ = 1. Since the translation and dilation operators are
continuous, there are some a > 1, b > 0, and (x0, y0) ∈ G such that
µ= inf
(s,t)∈Qa,b(x0,y0)
∣∣(Wψf )(s, t)∣∣> 0.
Assume that Γ is not relatively uniformly discrete. By Lemma 3.1, for any N  1, there are some
j, k ∈ Z such that ν(Γ ∩ Qa,b(aj , aj bk))  ajN . For simplicity, let (x, y) = (aj , aj bk). Noting that
ν(Γ ∩Qa,b(x, y)) aj+1/2#(Γ ∩Qa,b(x, y)), we have
#
(
Γ ∩Qa,b(x, y)
)
 a−1/2N.
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∑
(s,t)∈Γ∩Qa,b(x,y)
∣∣∣∣
〈(
x
x0
)−1/2
f
( · − y + y0x/x0
x/x0
)
, s−1/2ψ
( · − t
s
)〉∣∣∣∣
2
=
∑
(s,t)∈Γ∩Qa,b(x,y)
∣∣∣∣
〈
f,
(
sx0
x
)−1/2
ψ
( · − y0 − (t − y)x0/x
sx0/x
)〉∣∣∣∣
2
 a−1/2Nµ2.
But ∥∥∥∥
(
x
x0
)−1/2
f
( · − y + y0x/x0
x/x0
)∥∥∥∥= 1.
Therefore, {τ(s, t)ψ : (s, t) ∈ Γ } cannot have a finite upper frame bound. This is a contradiction, which
completes the proof. ✷
Remark 3.2. As pointed out in [12], if τ(aj , ajbk)ψ form a frame, then so do τ(aj , ajb′k)ψ# with
ψ#(x)= (b/b′)1/2ψ(bx/b′) for any b′ > 0. By Example 3.1 we have
D+(Γ )= 1
b′ lna
.
Since b′ is arbitrary, D+(Γ ) can be arbitrarily small for a frame, which is quite different from the case
of Gabor frames [8]. Nevertheless, we have the following conjecture.
Conjecture. Let ψ ∈ L2(R) and Γ be a sequence of elements of G. If {τ(s, t)ψ : (s, t) ∈ Γ } is a frame
for L2(R), then D−(Γ ) > 0.
In the following we prove that the conjecture is true if ψ ∈ WL2(R).
Lemma 3.3. Let ψ ∈ WL2(R), f ∈ L2(R), p > 1 and q > 0 be constants. For any ε > 0, there are some
a > 1 and b > 0 such that for any (p, q)-uniformly discrete sequence {(sn, tn): n ∈ Z},∑
(sn,tn)/∈Qa,b(1,0)
∣∣(Wψf )(sn, tn)∣∣2  ε.
Proof. Using the same technique as [23, Theorem 2.4], we can prove that∑
(sn,tn)/∈Qa,b(1,0)
∣∣(Wψf )(sn, tn)∣∣2 M
∫ ∫
(s,t)/∈Qa/p,b−q√a(1,0)
1
s2
(∣∣(Wψ˜f )(s, t)∣∣2 + ∣∣(W(ψ˜)′f )(s, t)∣∣2
+ ∣∣(Wψf )(s, t)∣∣2 + ∣∣(Wψ ′f )(s, t)∣∣2)ds dt,
where M :=M(p,q) is a constant. Hence lima→+∞ limb→+∞∑(sn,tn)/∈Qa,b(1,0) |(Wψf )(sn, tn)|2 = 0. ✷
Theorem 3.4. For any ψ ∈ WL2(R) and any sequence Γ of elements of G, if {τ(s, t)ψ : (s, t) ∈ Γ } is a
frame for L2(R), then D−(Γ ) > 0.
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Γ =⋃rk=1 Γk, where Γk is (pk, qk)-uniformly discrete, pk > 1, qk > 0.
Fix some f ∈ L2(R) with ‖f ‖ = 1. Let p = min1kr pk, q = min1kr qk . By Lemma 3.3, there are
some a0 > 1 and b0 > 0 such that for any (p, q)-uniformly discrete sequence Γ ′ ⊂ G,∑
(s,t)/∈Qa0,b0 (1,0)
(s,t)∈Γ ′
∣∣(Wψf )(s, t)∣∣2 < A2r .
On the other hand, it is easy to check that {(s/x, (t − y)/x): (s, t) ∈ Γk} is (pk, qk)-uniformly discrete
for any (x, y) ∈ G since Γk is. Hence
A=A
∥∥∥∥x−1/2f
( · − y
x
)∥∥∥∥
2

∑
(s,t)∈Γ
∣∣∣∣
〈
x−1/2f
( · − y
x
)
, s−1/2ψ
( · − t
s
)〉∣∣∣∣
2
=
∑
(s,t)∈Γ
∣∣∣∣
〈
f,
(
s
x
)−1/2
ψ
( · − (t − y)/x
s/x
)〉∣∣∣∣
2
=
r∑
k=1
∑
(s/x,(t−y)/x)/∈Qa0,b0 (1,0)
(s,t)∈Γk
∣∣∣∣(Wψf )
(
s
x
,
t − y
x
)∣∣∣∣
2
+
∑
(s/x,(t−y)/x)∈Qa0,b0 (1,0)
(s,t)∈Γ
∣∣∣∣(Wψf )
(
s
x
,
t − y
x
)∣∣∣∣
2
 A
2
+
∑
(s/x,(t−y)/x)∈Qa0,b0 (1,0)
(s,t)∈Γ
∣∣(Wψf )(s, t)∣∣2.
Since (s/x, (t − y)/x) ∈ Qa0,b0(1,0) is equivalent to (s, t) ∈ Qa0,b0(x, y), we see from the above
inequalities that
#
(
Γ ∩Qa0,b0(x, y)
)
 1, ∀(x, y) ∈ G.
Similarly to Example 3.1 we have, for any a > a0 and b > 0,
ν
(
Γ ∩Qa,b(x, y)
)

lna/lna0−1∑
j=0
(
bx
a−1/2xa1/2+j0 b0
− 1
)
a−1/2xaj0
 bx
a
1/2
0 b0
(
lna
lna0
− 1
)
− a−1/2x · a − 1
a0 − 1 .
Hence
D−(Γ )= lim
a→+∞
lim
b→+∞
inf
(x,y)∈G
ν(Γ ∩Qa,b(x, y))
bx lna
 1
a
1/2
0 b0 lna0
> 0. ✷
Remark 3.3. After this paper was submitted, we received a copy of Heil and Kutyniok’s paper [19], in
which other group action for the affine group G and normalization for time-scale parameters are used.
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time-scale parameters of the regular wavelet system {τ(aj , ajbk)ψ : j, k ∈ Z} turns out to be 1/(b ln a)
in both cases. Moreover, both papers state that the upper affine Beurling density of time-scale parameters
must be finite for wavelet systems to be Bessel sequences and the lower affine Beurling density must be
positive in some cases.
4. Stability of wavelet frames
In this section, we study the stability of wavelet frames with arbitrary time-scale parameters.
Theorem 4.1. Suppose that ψ(x) ∈ H 2, xψ(x) ∈ H 3, x2ψ(x) ∈ H 4, and ψˆ(0) = 0. Let {(sn, tn): n ∈
Z} ⊂ G be (p, q)-uniformly discrete and {τ(sn, tn)ψ : n ∈ Z} be a frame for L2(R) with bounds A and B .
Let 0 < δ < 1,0< η q/4 be such that
∆3 := 2ηT
(
ψ ′;p,q)1/2 + 4δ
(1− δ)2
(
T (ψ◦;p,q)1/2 + ηT ((ψ◦)′;p,q)1/2)<A1/2, (4.1)
where ψ◦(x)= (1/2)ψ(x)+ xψ ′(x). Then for any (s′n, t ′n) ∈ G with∣∣sn − s′n∣∣ δsn and ∣∣tn − t ′n∣∣ ηsn,
{τ(s′n, t ′n)ψ : n ∈ Z} is a frame for L2(R) with bounds (
√
A−∆3)2 and (
√
B +∆3)2.
Proof. It is easy to check that all of ψ ′,ψ◦, (ψ◦)′ ∈ WL2(R).
For any |s| < 1 and t˜n ∈ [tn − snq/4, tn + snq/4], since {(sn, tn): n ∈ Z} is (p, q)-uniformly discrete
and
Qp,q/(2(1+s))(sn(1+ s), t˜n)=
[
sn(1+ s)p−1/2, sn(1+ s)p1/2
]× [t˜n − snq4 , t˜n + snq4
]
⊂ [sn(1+ s)p−1/2, sn(1+ s)p1/2]×
[
tn − snq2 , tn +
snq
2
]
,
we have {(sn(1 + s), t˜n): n ∈ Z} is (p, q/(2(1 + s)))-uniformly discrete. It follows that for any f ∈
Cc(R) := {f : f is continuous and compactly supported},∑
n∈Z
∣∣(Wψf )(sn(1+ s), tn)− (Wψf )(sn(1+ s), t ′n)∣∣2
=
∑
n∈Z
∣∣∣∣∣
t ′n−tn∫
0
∂
∂t
(Wψf )
(
sn(1+ s), tn + t
)
dt
∣∣∣∣∣
2

∑
n∈Z
ηsn
ηsn∫
−ηsn
∣∣∣∣∣ 1sn(1+ s) (Wψ ′f )
(
sn(1+ s), tn + t
)∣∣∣∣∣
2
dt
=
∑
n∈Z
η
η∫ 1
(1+ s)2
∣∣(Wψ ′f )(sn(1+ s), tn + snt)∣∣2 dt
−η
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2
(1+ s)2T
(
ψ ′;p, q
2(1+ s)
)
‖f ‖2, (4.2)
where Lemma 2.3 is used in the last step. On the other hand, it is easy to see that {(sn(1+ s), tn): n ∈ Z}
is (p, q/(1+ s))-uniformly discrete. Using Lemma 2.3 again, we have∑
n∈Z
∣∣(Wψf )(sn(1+ s), tn)∣∣2  T
(
ψ;p, q
1+ s
)
‖f ‖2.
Hence∑
n∈Z
∣∣(Wψf )(sn(1+ s), t ′n)∣∣2 
[
T
(
ψ;p, q
1+ s
)1/2
+
√
2η
1+ s T
(
ψ ′;p, q
2(1 + s)
)1/2]2
‖f ‖2.
By (2.2),
T
(
ψ;p, q
1+ s
)
 T (ψ;p,q) ·max{1+ s,1} 2T (ψ;p,q),
T
(
ψ ′;p, q
2(1 + s)
)
 4T
(
ψ ′;p,q), |s|< 1.
Thus
δ∫
−δ
1
(1+ s)2
∑
n∈Z
∣∣(Wψf )(sn(1+ s), t ′n)∣∣2 ds

δ∫
−δ
1
(1+ s)2
[
T
(
ψ;p, q
1 + s
)1/2
+
√
2η
1 + s T
(
ψ ′;p, q
2(1 + s)
)1/2]2
‖f ‖2 ds

δ∫
−δ
2
(1+ s)2
[
T (ψ;p,q)1/2 + 2η
1+ s T
(
ψ ′;p,q)1/2]2‖f ‖2 ds

δ∫
−δ
2
(1+ s)2
[
T (ψ;p,q)1/2 2
1+ s +
2η
1+ s T
(
ψ ′;p,q)1/2]2‖f ‖2 ds
 16δ
(1− δ)4
[
T (ψ;p,q)1/2 + ηT (ψ ′;p,q)1/2]2‖f ‖2.
Therefore,∑
n∈Z
∣∣(Wψf )(sn, t ′n)− (Wψf )(s′n, t ′n)∣∣2
=
∑
n∈Z
∣∣∣∣∣
s ′n−sn∫
∂
∂s
(Wψf )
(
sn + s, t ′n
)
ds
∣∣∣∣∣
2

∑
n∈Z
δsn
δsn∫ 1
(sn + s)2
∣∣(Wψ◦f )(sn + s, t ′n)∣∣2 ds
0 −δsn
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δ∫
−δ
1
(1+ s)2
∑
n∈Z
∣∣(Wψ◦f )(sn(1+ s), t ′n)∣∣2 ds
 16δ
2
(1− δ)4
(
T (ψ◦;p,q)1/2 + ηT ((ψ◦)′;p,q)1/2)2‖f ‖2. (4.3)
On the other hand, by setting s = 0 in (4.2), we get∑
n∈Z
∣∣(Wψf )(sn, tn)− (Wψf )(sn, t ′n)∣∣2  2η2T
(
ψ ′;p, q
2
)
‖f ‖2  4η2T (ψ ′;p,q)‖f ‖2. (4.4)
Putting (4.3) and (4.4) together, we have∑
n∈Z
∣∣(Wψf )(sn, tn)− (Wψf )(s′n, t ′n)∣∣2 ∆23‖f ‖2.
Since Cc(R) is dense in L2(R), the above inequality holds for any f ∈L2(R). Hence
(
√
A−∆3)2‖f ‖2 
∑
n∈Z
∣∣(Wψf )(s′n, t ′n)∣∣2  (√B +∆3)2‖f ‖2, ∀f ∈L2(R).
This completes the proof. ✷
By Theorem 3.2, {(sn, tn): n ∈ Z} is the finite union of uniformly discrete sequences whenever
{τ(sn, tn)ψ : n ∈ Z} is a frame for L2(R). The following result can be proved similarly.
Theorem 4.2. Let ψ be as in Theorem 4.1 and {τ(sn, tn)ψ : n ∈ Z} be a frame for L2(R). Then there are
some δ, η > 0 such that for any (s′n, t ′n) ∈ G with∣∣sn − s′n∣∣ δsn and ∣∣tn − t ′n∣∣ ηsn,
{τ(s′n, t ′n)ψ : n ∈ Z} is a frame for L2(R).
Remark 4.1. The stability bounds can be determined similarly to the ones of Theorem 4.1. By Theo-
rem 3.2, there is some r  1 such that Γ =⋃rk=1Γk and Γk is (pk, qk)-uniformly discrete. Let 0 < δ < 1,
0 < ηmin1kr (1/4)qk, and
∆4 :=
[
r∑
k=1
(
2ηT
(
ψ ′;pk, qk
)1/2 + 4δ
(1− δ)2
[
T (ψ◦;pk, qk)1/2 + ηT
(
(ψ◦)′;pk, qk
)1/2])2]1/2
.
(4.5)
Then ∆4 < A1/2 meets Theorem 4.2 and (
√
A − ∆4)2 and (
√
B + ∆4)2 are frame bounds for
{τ(s′n, t ′n)ψ : n ∈ Z}.
Remark 4.2. It is easy to see that ψ meets Theorems 4.1 and 4.2 if ψ is compactly supported and 4 times
continuously differentiable.
In general, the conditions |sn − s′n|  δsn or |tn − t ′n|  ηsn cannot be replaced by |sn − s′n|  δ or
|tn − t ′n| η, respectively. For the regular case, i.e., {(sn, tn): n ∈ Z} = {(aj0 , aj0b0k): j, k ∈ Z}, we have
the following.
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Then
(i) There is no positive constant δ such that {τ(sj , aj0b0k)ψ : j, k ∈ Z} is a frame for L2(R) whenever
|sj − aj0 | δ.
(ii) There is no positive constant η such that {τ(aj0 , tj,k)ψ : j, k ∈ Z} is a frame for L2(R) whenever
|tj,k − aj0b0k| η.
Proof. (i) Let Γ = {(sj , aj0b0k): j, k ∈ Z}, where sj = δ, for aj0  δ, and aj0 for aj0 > δ. Then
|aj0 − sj | δ. It is easy to see that
ν
(
Γ ∩Qa,b(1,0)
)=∞, ∀a > max{δ−2, δ2}, b > 0.
Therefore, D+(Γ )=+∞, i.e., Γ is not relatively uniformly discrete. Hence {τ(sj , aj0b0k)ψ : j, k ∈ Z}
cannot be a frame for L2(R), thanks to Theorem 3.2.
(ii) Let
tj,k =


a
j
0b0k+ η, aj0b0k <−η,
0, −η aj0b0k  η,
a
j
0b0k− η, aj0b0k > η,
Γ0 =
{(
a
j
0 , a
j
0b0k
)
: j, k ∈ Z}, Γ = {(aj0 , tj,k): j, k ∈ Z}.
Then |tj,k − aj0b0k|  η. It is easy to check that (aj0 , tj,k) ∈ Qa,b(x,0) if and only if (aj0 , aj0b0k) ∈
Qa,b+2η/x(x,0). Hence
ν
(
Γ ∩Qa,b(x,0)
)= ν(Γ0 ∩Qa,b+2η/x(x,0))

lna/lna0∑
j=1
(
b+ 2η/x
a−1/2aj0b0
− 1
)
· a−1/2x 
(
b+ 2η/x
a−1/2a0b0
− 1
)
· a−1/2x, a > a0.
It follows that:
D+(Γ ) lim
a→+∞ limb→+∞ sup(x,y)∈G
1
bx lna
· a−1/2x ·
(
b+ 2η/x
a−1/2a0b0
− 1
)
=+∞.
Using Lemma 3.1 and Theorem 3.2 again, we see that {τ(aj0 , tj,k)ψ : j, k ∈ Z} is not a frame for
L2(R). ✷
5. Examples
Here we give some examples to illustrate our criteria (2.1) and (2.4) for {τ(s, t)ψ : (s, t) ∈ Γ } to be
frames.
Example 5.1. Wavelet frames generated by the Mexican hat function
ψ(x)= 2√ π−1/4(1− x2) e−x2/2.
3
132 W. Sun, X. Zhou / Appl. Comput. Harmon. Anal. 15 (2003) 117–133Fig. 1. Range of (a, b) for {τ(s, t)ψ : (s, t) ∈ Γ } to be frames, where ψ is the Mexican hat function. I. Γ = {(aj ,
aj bk): j, k ∈ Z}. II. Γ is any relatively uniformly discrete and (a, b)-dense sequence.
This function is the normalized second derivative of the Gaussian e−x2/2 and is popular in vision anal-
ysis, at least in theoretical expositions. Figure 1 illustrates the range of (a, b) for {τ(s, t)ψ : (s, t) ∈ Γ }
to be frames, where Γ is any relatively uniformly discrete and (a, b)-dense sequence for (2.4) and
Γ = {(aj , aj bk): j, k ∈ Z} for (2.1). For the later, it turns out that our criterion (2.1) is poor when
compared with the one by Daubechies, since the later suggests that {τ(aj , ajbk)ψ : j, k ∈ Z} form a
frame for a = 2 and b 1.5. However, our criterion is more simple.
Example 5.2. Wavelet frames for the Hilbert space H consisting of analytic signals, i.e., functions
f ∈L2(R) for which the Fourier transform fˆ (ω)= 0 when ω < 0.
Obviously, Theorem 2.4 is valid for this case if we change the admissibility condition to
Cψ :=
( +∞∫
0
1
ξ
∣∣ψˆ(ξ)∣∣2 dξ
)1/2
<+∞.
To compare with the result in [21], we take ψˆ(ω)= ω e−ω for ω 0 and 0 for ω < 0. By Theorem 2.4,
it is easy to check that {τ(s, t)ψ : (s, t) ∈ Γ } is a frame for H with bounds 0.000451 and 4.05 for any
relatively uniformly discrete and (a, b)-dense sequence Γ when a = 2 and b = 0.25. Since the estimate
in [21] cannot give a positive lower frame bound for this case, this example shows that our criterion
is sharper than the former, at least for some cases. On the other hand, it was stated in [21] that their
estimates are considerably sharper than the ones given in [15].
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